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Abstract--To extract a tubular object boundary from a volumetric
image is important to compute its morphometric properties, like
the estimation of the boundary curvature, or the radius of a
tubular object, for example, the radius is one of the descriptions
of blood vessel for detecting the soft plaque. How to estimate the
gradient of the volumetric data has an influence on the
computation results of the morphometric properties. Extract the
points of maximum gradient along the gradient direction in 3D as
the boundary point cloud of an object is used by [4]. The
boundary points are computed by trilinearly interpolated the
volumetric datasets, and apply the parabolic interpolation to find
the maximum gradient along the gradient direction. The
extraction of boundary point cloud depends on the estimation of
the image gradients. This paper is to compare the tricubic Bspline and trilinear interpolation algorithms on the estimations of
morphometric properties of the volumetric dataset.
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B. Tensor Product Bezier Interpolation Algorithm
1) Tensor product bezier intensity model
The tensor product bezier is built from curve, in which, the
Bernstein polynomial is univariate function [1], [2]. This
tricubic B-spline polynomial has 64 bezier points as the
control net over the size of the voxel. The image intensity
݂ሺݔǡ ݕǡ ݖሻ can be interpolated with such a tricubic subspace,
ܾ represents the bezier control point, in ݔ,ݕ,  ݖdirections.
They are computed from the intensities and gradients at the
grid positions among the volumetric image dataset. The image
intensity inside a voxel is evaluated by the following
interpolation equation
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I.

INTRODUCTION

The extraction of objects’ boundaries are important in
computer vision, image processing. A tubular object boundary
can be used to estimate the boundaries' morphometric
properties, boundary curvatures, or the radii of the tubular
object. The image gradients are often used to define object
boundaries, since object boundaries often generate sharp
changes in image intensities. Extract the 3D points of
maximum gradient along the gradient direction as the
boundary points of an object is used by [4]. To extract a
tubular object boundary from a volumetric image dataset is a
sampling procedure from the discrete pixel/voxel grids. The
boundary points are computed by interpolating the volumetric
image dataset. Trilinear and tricubic B-spline (tensor product
bezier form) are the two interpolation algorithms, which are
compared in this paper.
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ܤ ሺݔሻ ൌ
െ ݔሻି  ݔ is the univariate Bernstein
polynomial, here ݊ ൌ ͵,  א ݔሾͲǡͳሿ.
2) Tensor Product Gradient Estimation
The image gradient is a directional change of the intensities
in the image. They can be computed by differentiating this
intensity model.
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II. GRADIENT INTERPOLATION ALGORITHMS
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A. Trilinear Interpolation Algorithm
The trilinear interpolation assumes that the image
intensity/gradient varies linearly between grid positions. A
unit cube represents a voxel of a volumetric image dataset.
Linearly interpolating points within such a cube is computed
from the values of image intensities/gradients at each vertex,
denoted as ܸ , ܸଵ , ܸଵ , ..., ܸଵଵଵ Ǥ The Paul Bourke
interpolation equation is the following. The value of image
intensities /gradients at position ሺݔǡ ݕǡ ݖሻ isܸ௫௬௭ .

978-1-4673-7565-8/15/$31.00 ©2015 IEEE

ଷ

݂ሺݔǡ ݕǡ ݖሻ ൌ    ܾ ܤଷ ሺݔሻܤଷ ሺݕሻܤଷ ሺݖሻ

ଶ

ଷ

ଷ

݂௭ ൌ ͵   ሺܾାଵ െ ܾ ሻ ܤଷ ሺݔሻܤଷ ሺݕሻܤଶ ሺݖሻ
ୀ ୀ ୀ

ܾ ൌ ݂  ܽͲ ݂ כǡ௫  ܽͳ ݂ כǡ௬  ܽʹ ݂ כǡ௭
Inside a voxel, if ݅ǡ ݆ǡ ݇  אሼͲǡͳሽ , then ݈ǡ ݉ǡ ݊  אሼͲሽ ; and if
݅ǡ ݆ǡ ݇  אሼʹǡ͵ሽ , then ݈ǡ ݉ǡ ݊  אሼ͵ሽ . Also with ݅ǡ ݆ǡ ݇  אሼͳሽ ,
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between boundary surface. The mean and standard derivation
of these values can be computed as criteria to the qualities of
the extracted cylinders. All boundary points’ radii construct a
radius set, and the mean radius of these boundaries is the
average of this radius set. The deviation is the standard
deviation of these radius set. Similar methods are performed to
maximum and minimum curvatures, also to the angles of
gradient lines. All deviations’ values shall be zeros. The
theoretical mean value of maximum curvatures is the inverse
of the radius of the cylinder, the theoretical mean value of the
minimum curvatures are zeros. The mean angle of a gradient
line between boundary surface shall be close to 90 degrees.

ሼܽͲǡ ܽͳǡ ܽʹሽ  אሼ ሽ; with ݅ǡ ݆ǡ ݇  אሼʹሽ, ሼܽͲǡ ܽͳǡ ܽʹሽ  אሼെ ሽ; and
ଷ
ଷ
with ݅ǡ ݆ǡ ݇  אሼͲǡ͵ሽ, ሼܽͲǡ ܽͳǡ ܽʹሽ  אሼͲሽ.
3) de Castejau Evaluation Scheme
To interpolate a gradient of a point ሺݔǡ ݕǡ ݖሻ inside a voxel,
the de Casteljau algorithm [1] is used to evaluate it. For
example, the above gradient estimation equation can be
rewritten as
݂௫ ൌ ͵ σଷୀ ܲ ሺݔǡ ݕሻ ܤଷ ሺݖሻ, with
ܲ ሺݔǡ ݕሻ ൌ σଷୀ ܲ ሺݔሻܤଷ ሺݕሻ, and
ܲ ሺݔሻ ൌ σଶୀ ܲ ܤଶ ሺݔሻ ,

These two image datasets are smoothed with a recursive
gaussian filter, the extracted boundary points are affected by
the value of gaussian scale. The morphometric properties of the
cylinders are measured under different gaussian scales.

Here, ሺݔǡ ݕǡ ݖሻ  אሾͲǡͳሿ ൈ ሾͲǡͳሿ ൈ ሾͲǡͳሿ.
a) Evaluation of ܲ ሺݔሻ
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IV. ANALYSIS OF THE MEASUREMENT RESULTS
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Then, ܲ ሺݔሻ ൌ ܲ
.

The extracted boundary point cloud can be visualized with a
constraint delaunay triangle mesh. The angle of a gradient line
with boundary surface can be computed from this triangle
mesh. Also the radius of each boundary point, and curvature
can be obtained.

b) Evaluation of ܲ ሺݔǡ ݕሻ
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ܲ ሺݔሻ ൌ ሺͳ െ ݕሻܲ ሺݔሻ  ܲݕାଵ ሺݔሻ.

A. Triangulated Cylinders
Fig. 1 exhibits side and positive views of the triangulated
one-cylinder extracted with the trilinear interpolation method,
the gaussian scale is selected as 1mm. The short line
associated with each boundary point is the interpolated
gradient line. Fig. 2 displays two views of the extracted onecylinder with trilinear method, the gaussian scale is 0.001mm.
This cylinder is a little jagged compared with the cylinder
extracted with 1mm of gaussian scale. Fig. 3 is the extracted
one-cylinder with tensor product bezier interpolation
algorithm, and their gaussian scale is 0.001mm. It is more
jagged than the cylinder extracted with trilinear method in Fig.
2. Fig. 4 displays the one-cylinder obtained via tensor product
bezier method, and the gaussian scale is 0.3mm. This cylinder
has a coarser surface, then increase gaussian scale does not
produce a smoother cylinder surface when tensor product
bezier interpolation algorithm is applied. Fig. 5 and Fig. 6
illustrate the two-cylinders interpolated with trilinear and
tensor product bezier methods, respectively, their gaussian
scale is 0.2mm. Fig. 6 displays an unsmooth surface than that
of Fig. 5. Fig. 7 represents the two-cylinder with trilinear
interpolation method, and the gaussian scale is 0.8mm. And
the shape of this two-cylinder deviates from the shape of a
standard cylinder. When gaussian scale is 1.0mm, some
boundary points between the two cylinders disappear, then the
two cylinders extracted merge together when visualized with
triangle mesh. It is shown in Fig. 8.
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Then, ݂௫ ൌ ͵ܲଷ ሺݔǡ ݕሻ.
Through this gradient interpolation, the boundary point can
be computed when the maximum gradient magnitude along
gradient direction is found.
III. THE MORPHOMETRIC PROPERTIES
MEASUREMENT
This boundary cloud can build a surface with a triangle
mesh. Let the boundary point has the normal at its associated
grid position, thus the morphometric properties can be
computed. The radius of the cylinder can be calculated when
the boundary normal ray intersect the opposite the triangle
mesh. The curvature of the boundary can also be obtained with
its neighboring 1-ring triangles [3]. The means and deviations
of the radius, curvature are analyzed.
The boundary point has an interpolated gradient estimated
from trilinear or tensor product bezier interpolation algorithm.
This interpolated gradient line has angles between its
neighboring 1-ring triangles. These angles are averaged as the
angle of this gradient line of its boundary point between its
triangulated boundary surface.

B. Mean Angles and Derivations of Gradient Lines of
Boundary Points between Boundary Surface
Fig. 9 displays the values of the angles of gradient line
between the boundary surface at different gaussian scales.
When the gradient line of the boundary is close to
perpendicular to the triangulated cylinder surface, the mean
angles will be near 90 degrees. The mean angles of onecylinder with trilinear method approach 85 degrees when the

Here two types of cylinder datasets are analyzed. They are
of diameters of 10 pixels, 15 pixels respectively, pixel size is
0.24mm x 0.24mm. One image dataset has two parallel
cylinders. The other has only one cylinder. Since all these
boundary points of the cylinder have a uniform value of radius,
maximum and minimum curvature, and angle of gradient line

2

gaussian scale increases. The mean angles of two-cylinder
with trilinear method will approach 85 degrees at gaussian
scale=0.4mm, and start to decrease when gaussian scale
increases.

maximum curvatures than those from trilinear method, which
mean the extracted cylinders have unsmooth surfaces.
Fig. 16 exhibits the means of the minimum curvatures with
varying gaussian scale’s values, and Fig. 17 represents the
derivations of the minimum curvatures. The zero values of the
mean and derivations of minimum curvatures satisfy the
standard cylinder properties. One-cylinder from trilinear
method has zeros for the whole range of gaussian scales tested.
For the two-cylinder, when gaussian scale is less than 0.6mm,
the means and derivations of minimum curvatures can keep
zero values. For the cylinder extracted from tensor product
bezier method, when gaussian scale is greater than 0.1mm, the
zeros of means and derivations of minimum curvatures are
reached.

And the mean angles of one-cylinder with tensor product
bezier interpolation method are at much lower degrees, about
50 degrees. Also the gaussian scales increase, the mean angles
have a trend of decreasing.
Fig. 10 exhibits the values of the derivations of the angles
of the gradient lines between the boundary surfaces at
different gaussian scales. If values of derivations approach to
zero, the angles’ values close to the mean. If the values of the
derivations are large, it means the large differences among the
values of the angles. The trend of the trilinear method is
getting the lower derivation values than that of the tensor
product beizer method.

Fig. 18 and 19 display the means and derivations of the
radii. Fig. 18 exhibits that the means of the radii computed
from the trilinear and from tensor product bezier method have
no significant difference. The radii of one-cylinder extracted
from trilinear method change when the gaussian scale
increases. At gaussian scale 1.0mm, the mean radius is
1.233mm, a difference of 0.002mm with the inverse of the
maximum curvature. The derivations of the radii in Fig. 19
have lowest values for one-cylinder trilinear method, have
lower values for two-cylinder from trilinear method at
gaussian scales equaled to 0.2mm and 0.3mm. With the same
gaussian scale condition, the derivations of radii from tensor
product bezier method have a little high values than those
from trilinear method for one-cylinder dataset.

The derivations of the angles with tensor product bezier
method have rather higher values. These measurements
indicate that the tensor product bezier interpolation method
cannot get a smoother cylinder, when compared with trilinear
interpolation method.
Since the angle of a gradient line between the surface of
the standard cylinder should have a uniform value, close to 90
degree, the trilinear method extracts a more standard cylinder.
For two-cylinder with trilinear method, when the gaussian
scale increases, the recursive gaussian filter will convolve
more neighboring voxels belonging to other object, so the
shape of the extracted cylinders deviates those of the standard
ones, and the mean angles and standard deviation values leave
more from their uniform values.

V. CONCLUSION
The gradient estimated from trilinear interpolation method
has different results on the extraction of boundary point cloud
when compared with the tensor product interpolation method,
The trilinear interpolation method exhibits more uniform
values of angle of the gradient lines between the boundary
surfaces, maximum and minimum curvatures, radius of the
cylinder, these morphometric properties are owned by a
standard cylinder. The relations of the recursive gaussian filter
with different gaussian scales have been analyzed on the
angles of the gradient lines, and the morphometric properties
that have been measured. For trilinear method, it will produce
a smoother boundary surface when the gaussian scale increase,
and for tensor product bezier method, gaussian scale
increment has no effect on obtaining a smoother boundary
surface.

Fig. 11 and Fig. 12 display the values of the mean angles
and derivations with boundary points’ gradients estimated
from gradients at grid positions. For the tensor product bezier
method, the mean angles are increased to above 65 degrees.
Most of the derivations of the angles decrease much more also,
and looks more perpendicular to the triangluated surface in Fig.
13. For trilinear method, the mean angles and derivations do
not show obvious changes.
C. Means and Derivations of Maximum Curvatures
Fig. 14 illustrates the mean values of maximum curvature
at different gaussian scales. Fig. 15 shows the derivations of
the maximum curvatures at different gaussian scales. The
derivations of the maximum curvatures have a decreasing
trend with the increment of gaussian scale, when trilinear
interpoaltion method is applied. For one-cylinder dataset, at
gaussian scale=1.0mm, the derivation of the maximum
curvature decrease to 0.001231 mm-1, the minimum value in
the tested range. And the inverse of mean maximum curvature
is 1.231mm, the one-cylinder has a radius 5x0.24=1.2mm, so
the absolute error of radius estimated from maximum
curvature is 0.03mm.
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For two-cylinder dataset, at gaussian scale=0.4mm, the
derivation of maximum curvature arrives the minimum value,
and begin to increase when gaussian scale increases.
The one-cylinder, two-cylinder extracted by the tensor
product bezier method have greater values of derivations of
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(a)
(b)
Fig. 1 one-cylinder extracted with trilinear method, gaussian
scale=1mm. (a) side view, (b) positive view.

(a)

(a)
(b)
Fig. 2 one-cylinder extracted with trilinear method, gaussian
scale=0.001mm. (a) side view, (b) positive view.

(b)

(a)

Fig. 3 one-cylinder extracted with tensor product bezier
method, gaussian scale=0.001mm. (a) side view, (b) positive
view.

(b)

Fig. 4 one-cylinder extracted with tensor product bezier method,
gaussian scale=0.3mm. (a) side view (b) positive view.

(a)
(b)
Fig. 5 two-cylinder extracted with trilinear method, gaussian scale=0.2mm. (a) side view, (b) positive view.
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(a)
(b)
Fig. 6 two-cylinder extracted with tensor product bezier method, gaussian scale=0.2mm. (a) side view, (b)
positive view

(a)
(b)
Fig. 7 two-cylinder with trilinear method, gaussian scale=0.8mm. (a) side view, (b) positive view.

(a)

(b)

Fig. 8 two-cylinder extracted with trilinear method at gaussian scale=1.0mm.
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(a)

(b)

Fig. 13 one-cylinder with gradient at grid position. (a) trilinear method, gaussian scale=0.001mm (b) tensor
product method, gaussian scale=0.3mm.
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